Résumé. 2014 Abstract. 2014 We study a spin glass model on a hierarchical lattice in the limit in which the number of rungs, p at each stage of the hierarchy tends to infinity. In the spin glass phase, the analytic continuation from positive integer to real numbers of replicas is found to be non-unique. However, replica symmetry is not broken. These conclusions remain true in a 1/p expansion about the p ~ ~ limit.
Spin glasses are systems with quenched, randomly distributed magnetic impurities. Frustration implies the existence of metastable states and therefore of long relaxation times. The Sherrington-Kirkpatrick model [1] is an Ising spin glass with random Gaussian couplings between all pairs of spins for which mean field theory should be exact. However, the replica method applied to this model leads to a low temperature phase with negative entropy if the order parameter is assumed to be symmetric under permutations among the replicas. This replica symmetric solution has been shown to be unstable [2] . The unphysical nature of this solution is related to the non-uniqueness of the analytic continuation from positive integer to zero number of replicas [3] . In the low temperature phase, the expectation value of the partition function to the power n behaves as e"2NA where A is a temperature dependent function and N is the number of sites and therefore grows too fast for the quenched system free energy to be calculated unambiguously. A solution which breaks this replica symmetry has been proposed by Parisi [4] which involves an order parameter function q(x) defined for 0 x 1. This replica breaking solution is marginally stable [33] . The non-trivial dependence of q on x has been related to existence of metastable states which are relevant even in the thermodynamic limit [5] and to fluctuations between quantities referring to different samples [6, 7] . It is of interest to have a simpler model with some of these properties.
Hierarchical lattice are lattices on which the Migdal [8] Kadanoff [9] transformations are exact [10] [11] [12] [13] [14] [15] . The transformation provides a simple approximation on Bravais lattices which has been applied to many statistical models [13, [18] [19] [20] [24] [25] [26] . Although quantitative predictions of the approximation are often inaccurate particularly in high dimension, the approximation is expected to have some of the qualitative physical properties of systems on Bravais lattices.
Frustrated, non-random systems on hierarchical lattices have been considered [16, 17] . It is found that for certain values of the parameters the renormalization transformation has chaotic trajectories. This has been related to the existence of correlations on very different length scales which would be expected in a spin glass phase [16] . However the free energy is singular at an infinite number of temperatures and so there is no single phase transition [ 17] . Random unfrustrated systems have also been studied by approximating the renormalized distribution by two or three peaks [18] [19] [20] by numerical methods [22] and exactly for simpler systems [21, 23] . The three peak approximation has also been applied to spin glasses [24] [25] [26] 34] which have both randomness and frustration. The results of Benyoussef and Boccara [34] The renormalization transformation for the distribution of bonds is then given by and the free energy per site is given (in a similar way to non-random systems [32] ) by, where &#x3E;. denotes an expectation with respect to the mth renormalized probability distributions P m(J 1)' Pm(J2). (5) and (6) may be simplified for flj p, #2 6 p, (5) and (6) may also be simplified if one or both of {3J and #I a &#x3E;&#x3E; p and (7)' p Q or (J)2 &#x3E; p 6 where K1, K2 are constants,
For other values of J and Q, the recursions relations are more complicated but after iterating once one is in one of the low temperature regions described by (9) to (11) .
The recursion relations, (7) to (11) figure 3 .
The phase transitions are of infinite order in the limit p -+ oo. For example, for the case J = 0, the renormalization of Q in equation (8) (9) and (10) and obtain for am, + higher order terms m &#x3E; 1 (16) and from (3), the free energy, higher order terms.
In this case the mth term in the free energy behaves as Ijp(m/2)-1.
The internal energy as T --+ 0 is and the entropy or specific heat is For the pure system, the specific heat falls off exponentially with inverse temperature. The Using equation (25) one obtains the previous expression, (11) for the free energy in the high temperature phase.
At sufficiently low temperature, #2 Q & # x 3 E ; & # x 3 E ; p, the transformations (32) and (33) become for any the integer n .
The leading term comes in this case from all iterations in contrast to the quenched case (17) .
The integral in the expression for Am (32) is dominated by its saddle point J = afin for sufficiently high P.
The annealed theory therefore behaves like a non random magnetic system. Expressions (25) and (37) do not now give the spin glass free energy of equation (17) . Therefore, the replica method can give an incorrect result for the free energy at low temperatures.
The expression, (17) can however be obtained from equations (36), (32) and (33) by expanding for small n. These equations then give the correct continuation from the integer to zero n.
Correlation functions.
In this section, a recursion relation for the Edwards
Anderson order parameter will be given. This will turn out to be the only order parameter -the function q(x) defined by Parisi [4] where (1' is the width of the new distribution.
After renormalization, equation (43) 
